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ABSTRACT

This article introduces Clark Hull's Drive Reduction Theory (DRT), where a drive acts as a
reinforcement for a specific behavior of concern, through its linear 7 x 9 equation: sEr=VxDx Kx J
X SHr - sir - Ir - sOr - sLr. This Hullian equation is further expanded by applying the Matrix Theory used
in linear algebra within the domain of educational therapy. This 7 x 9 Hullian matrix serves as a
structured approach to understand and address students’ learning and behaviors by focusing on
drives and rewards, building productive habits, and reducing barriers. Factorable causalities -
autogenic, ecogenic, pedagenic, and psychosociogenic - also play their crucial roles in the drive states
and learning processes that contribute to behavioral responses. With the integration of the Hullian
DRT equation and Matrix Theory, educational therapists can systematically reduce behaviors driven
by unmet needs, helping their students develop more adaptive responses and promoting a better
learning environment.
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1. INTRODUCTION

Clark Leonard Hull (b.1884—-d.1952), an American engineer-turned psychologist, sought to explain
learning and motivation by scientific laws of behavior (Miguez, Laborda, & Quezada-Scholz, 2022).
After contracted poliomyelitis, he left his job as an engineer to pursue his psychological studies. In the
later part of his life, Hull was recruited by James Rowland Angell, a former psychologist and was then
the president of Yale University, where he conducted research studies to prove that his theories could
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predict behavior. His most influential works, The Mathematico-Deductive Theory of Rote Learning (Hull
et al., 1940) and Principles of Behavior (Hull, 1943), established his framework of animal learning and
conditioning as the leading theory of its time.

1.1 What is Drive Reduction Theory about?

Hull was well-known for his Drive Reduction Theory (DRT) that he had developed. According to Hull
(1952), “the reduction of the drive acts as a reinforcement for that behavior concerned” (cited in Cherry,
2023, para. 10; the word in italic is added by the author). Hull created a mathematical equation (or
formula) to explain his DRT of behavior as follows (see Cherry, 2023, para. 14-15):

SEr=VxDxKxJxSHr-slr-Ir-sOr-sLr

where x is time (multiplication) operation and - is minus (subtraction) operation (see Chia, 2025, for
explanation on the operations) and also ...

e sEr: Excitatory potential, or the likelihood that an organism will produce a response (r) to a stimulus (s)
e V: Stimulus intensity dynamism, meaning some stimuli will have greater influences than others

e D: Drive strength, determined by the amount of biological deprivation

e  K:Incentive motivation, or the size or magnitude of the goal

e J: The delay before the organism is allowed to seek reinforcement

e  sHr: Habit strength, established by the amount of previous conditioning

e  sir: Conditioned inhibition, caused by previous lack of reinforcement

e [r: Reactive inhibition, or fatigue

e sOr: Random error

e sLr: Reaction threshold, or the smallest amount of reinforcement that will produce learning

This is a linear formula that can be framed in a 7 x 9 matrix (of one row of nine factors or entries in nine
columns) to help educational therapists manage their students with learning and behavioral challenges.
Hull’s theory suggests that behaviors are driven by physiological needs (or ‘drives’) that create internal
tension, which organisms (students) are motivated to reduce.

The framework of Hull's DRT has been applied in educational therapy, especially in the areas of
diagnostic assessment and formative as well as summative evaluation of pre- and post-intervention
results, such as in math problem-solving process (Chia, 2025) and memory improvement (Wang & Gao,
2025).

2. MATRIX FRAMEWORK FOR HULLIAN DRIVE REDUCTION THEORY

In this article, the Matrix Theory (Franklin, 2012; Zhang, 2011) has been applied to explain Hull's theory
of drive reduction. Below is a matrix (see in subsequent sections for Matrix Theory in this paper; also
see Lyryx Learning & Kuttler, 2024, for detailed explanation) that breaks down Hull’'s equation/formula
of a shorter version with two levels and its components in the context of an educational therapist
managing a student (client):

First Level Equation: E=DxHxK
Second Level Equation: R=E-I
Combined Equation: R=[(DxHxK)-1]
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Each of the components or factors in the Hullian equation is further elaborated in Table 1 below.

Table 1. Description of Hullian Equation Terms

Component Hullian Equation Description Application in
Term Educational Therapy
Drive D The internal state or motivation | Identify the student's (client’s)
/D/ caused by an unmet need or | primary drive(s) that are causing
tension. behavioral issues (e.g., need for
attention, sensory regulation).
Habit H The strength of learned | Assess the habits or behaviors the
Strength behaviors or habits in response | client has learned in response to
/H/ to the drive. their drives (e.g., avoidance,
aggression).
Incentive K The external reward or stimulus | Implement a meaningful reward
Motivation strength associated with a | system to encourage adaptive
IK/ response. behaviors (like token systems for
positive actions).
Reaction E=DxHxK The likelihood of a behavior | Monitor and adjust interventions
Potential occurring, driven by the | based on the likelihood of desired
/E/ combination of drive, habit, and | behaviors (if low, increase reward
incentive. or decrease drive).
Inhibition | The internal factors reducing | Address any potential obstacles
n the likelihood of a behavior | that are preventing or suppressing
occurring. positive responses (e.g., fatigue,
sensory overload).
Response R=E-I The likelihood of a behavior | Use inhibition strategies to
Probability after accounting for inhibition. minimize maladaptive behaviors
IR/ and reinforce desired behaviors in
the client.

The explanation of how the above linear framework (see Table 1) is provided here to help understand
of its application in educational therapy as follows:

1. Assessing Drive (D):
The educational therapist begins by identifying what drives the student’s behaviors. For example, a
student with a learning challenge may have a drive for sensory regulation, leading to behaviors like
fidgeting or being distracted (e.g., watching trains passing by).

2. Evaluating Habit Strength (H):

The educational therapist identifies habits the student (client) has developed in response to the drive.
For example, a student who avoids tasks due to frustration may show avoidance behaviors. The
educational therapist can gradually teach more constructive behaviors by strengthening alternative
habits through practice and encouragement.

3. Incentivizing with Motivation (K):

The educational therapist provides motivating incentives that reinforce desirable behaviors. In an
educational context, this could mean using token rewards for staying on task or managing impulses,
thus supporting the client in building positive habits.

4. Calculating Reaction Potential (E):

Using the equation E = D x H x K, the educational therapist can estimate the likelihood that a desired
behavior will occur. If the reaction potential (E) is low, the educational therapist can increase the
incentive (K) or address the drive (D) to improve behavior likelihood.

5. Applying Inhibition (/):
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The educational therapist addresses inhibitory factors, such as over-stimulation or frustration, that
reduce response probability. By minimizing these, the student can better focus on positive behaviors.

6. Outcome (R):

The educational therapist uses R = E - | to gauge the likelihood of the target behavior after accounting
for inhibitions. With this model, the educational therapist can iteratively adjust drive-reducing strategies
and positive reinforcement.

This matrix (based on the Matrix Theory and linear algebra; see Lyryx Learning & Kuttler, 2024, for
more detail) serves as a structured approach to understand and address students’ behaviors by
focusing on drives and rewards, building productive habits, and reducing barriers.

3. THE BASIC FORMULA IN HULLIAN THEORY

In DRT, behavior is motivated by biological drives and their reduction, where a need creates an internal
drive that compels the organism (a human agent) to act in order to reduce that need. The basic formula
in the Hullian theory is provided as follows:

SEr=sHrx D x K

where:

x (time) can also be substituted with a dot [-] as in sEr = sHr - D - K and where ...

e sEr: Excitatory Potential (likelihood of behavior) where /s/ is stimulus and /r/ is response

e sHr: Habit Strength (strength of learned behavior) where /s/ is stimulus and /r/ is response
e D: Drive (magnitude of need or motivation)

e K:Incentive (external reward or stimulus value)

To represent this in a matrix for a practical application, a matrix has to be constructed where rows
represent different drives (motivations or needs) and columns represent factors that influence a
student’s behavior in response to these drives. This will help an educational therapist systematically
analyze and address multiple motivational aspects.

3.1 Causalities of the Factors in Hullian Equation

In DRT, from the Hullian perspective, behavior is viewed as a response to drives, or internal states of
tension, with learning and behavior resulting from an individual's efforts to reduce these drives. The
linear Hullian equation (in its simplified form) can be expressed as follows:

SEr=VXxXDxKxH-Ir-slr

where:

e sEris the excitatory potential or the likelihood of a behavior occurring

e Vs the stimulus intensity dynamism (sensory stimuli)

e D is the drive (internal motivation or need)

e Kis the incentive or external motivation

e His the habit strength, representing learned behavior

e Iris the reactive inhibition (physical and mental fatigue)

e siris the conditioned inhibition (suppression of a conditioned response)

In this simple version Hullian equation, various factorable causalities, which refer to situations where
complex causes can be broken down or ‘factored’ (Merriam-Webster, 2024), into multiple contributing
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elements or factors (e.g., autogenic, ecogenic, pedagenic, and psychosociogenic), play roles in the
drive states and learning processes that contribute to behavioral responses. In this concept, causality
is not just a single, straightforward relationship (like A causing B), but rather a combination of various
smaller, interconnected causes that collectively lead to a certain effect. For instance, in understanding
the cause of a specific health issue, a factorable causality approach would look at multiple contributing
factors, such as genetics, environment, lifestyle, and psychological aspects. By analyzing these factors
separately and then examining how they interact, one can gain a clearer, more comprehensive view of
the causative mechanisms.

Below is how each of these factorable causalities applies:

1. Autogenic Causality Factors (AuC):

These are internal, self-generated factors that originate within the individual. In Hullian terms, autogenic
factors can contribute to the drive component (D) by affecting internal physiological or emotional states,
such as hunger, thirst, or stress. For example, an individual's internal state of hunger (an autogenic
factor) can drive them to learn behaviors related to seeking food.

2. Ecogenic Causality Factors (EcC):

These are external environmental factors that influence behavior. In Hull's equation, ecogenic factors
relate primarily to the incentive value (K) since they represent the external stimuli or rewards that
motivate behavior. For example, an inviting environment or access to resources can increase the
likelihood of engaging in a particular behavior by enhancing its external appeal.

3. Pedagenic Causality Factors (PeC):

These are factors related to the developmental or experiential aspects of learning. Pedagenic factors
align closely with habit strength (H), as they encompass past learning experiences and practice. For
instance, a child repeatedly rewarded for completing homework builds a habit of doing it, reinforcing the
likelihood of this behavior over time.

4. Psychosociogenic Causality Factors (PSC):

These include influences from social and psychological interactions, such as social norms, expectations,
or pressures. These can influence any part of Hull's equation depending on context; for example,
psychosociogenic factors can increase (D) if social pressures lead to feelings of anxiety, or they can
boost (K) by attaching social reward to specific behaviors.

In addition, the categorization of reactive inhibition (/r) and conditioned inhibition (s/r) as ecogenic and
psychosociogenic respectively is grounded in the sources and mechanisms by which these inhibitions
arise:

1. Reactive Inhibition (/Ir):

This is typically associated with physical or mental fatigue resulting from repeated stimulation or activity,
leading to a temporary decrease in response due to exhaustion. It is often regarded as ecogenic in
nature because it arises in response to external stimuli or conditions (e.g., prolonged or repetitive tasks
that induce fatigue). Though not directly caused by social or psychological factors, environmental
demands play a significant role.

2. Conditioned Inhibition (s/r):

This involves learning that a specific stimulus predicts the absence of an unconditioned stimulus,
resulting in the suppression of a conditioned response. Conditioned inhibition is generally considered
psychosociogenic because it involves learning and adaptation within a social or psychological context.
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It reflects how experience, typically in an environment with specific cues, teaches an organism when
not to respond.

Hence, /Ir/ aligns more with ecogenic causes due to external stimulation effects, while /s/r/ is more
psychosociogenic because it arises from learned social or environmental cues.

In summary, within Hull’s Drive Reduction framework, these causality factors together influence the

learning process and behavioral responses by shaping how drives are reduced and habits are formed.

Each of them can be understood as contributing to the components that drive and reinforce behavior:

e Autogenic causality factors (AuC) influence internal drive (D),

e Ecogenic causality factors (EcC) enhance external incentives (K and Ir),

e Pedagenic causality factors (PeC) build habit strength (H),

e Psychosociogenic causality factors (PSC) modulate drive and incentive via social and psychological
contexts (sir).

By incorporating the various causality factors in the Hullian equation, the following version has been
created:

SEr = {(sHr)-(D)[(K)-(J)-(V)] - Ir} - sir
1

sEr = {Pedagenic.,(sHr) - Autogenic..(D) - [Ecogenic.,.(K) - (J) - (V)] — Ecogenicy.s-(Ir)} — Psychosociogenicy. -(slr)
!
SEr = {SHr(Pec) X D(AuC) X [K xJxV- /I‘](Ecc)} - S/I‘(Psc)

where
e +/-indicates positive or negative resultin H, D, K, J and V
e H+/L-indicates positive for high (H+ or 1) or negative for low (L- or |) resultin Ir and sir

Results for sEr (Excitatory Potential) can be expressed in terms of +/-, H+/L-, 1/|, n/w (narrow/wide) in
terms of degrees (°) of likelihood.

4. MATRIX REPRESENTATION OF HULLIAN DRIVE REDUCTION THEORY

For example, let us define a 4 x 4 matrix for simplicity, representing four main drives and four influencing
factors:

Drives (D) are in the i-th rows (with the notation ai) and they represent the following needs:
1. Biological Needs (e.g., hunger, fatigue)

2. Safety Needs (e.g., fear, comfort)

3. Social Needs (e.g., acceptance, approval)

4. Achievement Needs (e.g., desire for success, mastery)

Factors (components involved in an equation) are in the j-th columns (with the notation aj):
1. Habit strength (sHr): the student’s learned responses to satisfy the drive.

2. Drive intensity (D): the current magnitude or urgency of the drive.

3. Incentive Value (K): the perceived reward or positive outcome associated with behavior.
4. Observed Behavior (sEr): the resultant behavioral intensity or likelihood.

Hence, the matrix (M) can be structured as follows:
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Biological Needs SHr D K SEr
M = Safety Needs SHr D K SEr
Social Needs SHr D K sEr
Achievement Needs SHr D K sEr

5. APPLICATION OF MATRIX IN EDUCATIONAL THERAPY

Each entry or element in the matrix (as shown above) represents an interaction between a drive and a
factor. By filling in values, an educational therapist could identify patterns and factors that increase or
decrease specific drives for the student (client).

For instance, if a student shows a high value in sEr (Observed Behavior) for social needs, and this
correlates with high values in sHr (habit) and K (incentive), the educational therapist might conclude
that the student is particularly responsive to social rewards and might incorporate positive social
reinforcement as part of behavior management.

In an example of this application with a student with behavioral challenges (e.g., impulsivity or
distractibility), an educational therapist might take the following actions:

1. Identify dominant drives (D): Observe which drives are most active (e.g., high values in social or
achievement needs).

2. Adjust incentives (K): Use higher /K/ values (incentives) in the matrix for /D/s needing reinforcement.
3. Analyze habit strength (sHr): Assess the stability of /sHr/for each /D/. For /D/ showing low /sHr/, build
structured and repetitive interventions to reinforce desired behaviors.

This matrix allows educational therapists to track student responses across drives and behavioral
influencers, making it easier to personalize strategies and manage the student’s unique learning and
behavioral needs effectively.

6. MEASUREMENTS FOR HULLIAN EQUATION FOR LEARNING AND BEHAVIOR

To measure each component in the Hullian equation for learning and behavior, specific tests need to
be taken into consideration to evaluate the factors contributing to the behavior and learning potential
(Excitatory Potential, or sEr). For instance, two suggested assessments for each component are
provided as follows:

1. Habit strength (sHr)

o Observation-Based Habit Consistency Rating (e.g., Ekma et al., 2020): Track the consistency
and frequency of a specific learned behavior over time through structured observation, scoring
each instance to determine habitual performance.

e Frequency of Repetition Test (e.g., Orth et al., 2015): Measure how often a behavior is repeated
within set intervals, which helps determine how well-established the behavior is as a habit.

2. Drive (D)

e Motivation Assessment Scale (e.g., Ray-Subramanian, 2013): Gauge the intensity of internal
motivations driving specific behaviors, like engaging with a task or responding to an intervention,
by measuring persistence and focus.

e Behavioral Persistence Test (e.g., Oeri, 2022): Assess the time or effort the individual continues
a behavior in the face of difficulty, as a higher drive often correlates with increased persistence.

3. Incentive motivation (K)
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o Preference Assessment (see How-to-ABA, 2023): Present various reinforcers to determine
their effectiveness in motivating the individual, highlighting which incentives are most motivating.

o Token Economy Response Rate (lvy et al., 2017): Track the rate of response when using token
rewards, examining if higher incentives (e.g., more tokens) produce stronger response rates.

4. Lapse between Sessions (J)

e Memory Retention Test (e.g., Sandberg, 2011; Williams, 1990): Assess retention of learned
behaviors or skills after different intervals, providing insight into how the lapse between
sessions affects learning maintenance.

o Delayed Recall Task (Camos & Portrat, 2015): Examine how the individual recalls information
or skills after different time delays, indicating how session frequency might influence learning
stability.

5. Stimulus intensity dynamism (V)

e Sensory Processing Measure (SPM) (Brown, Almiento, Yu, & Bhopti, 2023; Parham et al.,
2021): Evaluate the response to varying levels of sensory input (e.g., loud vs. soft sounds),
observing how intensity impacts engagement.

e Reaction Time Test to Stimuli (e.g.,Pascual-Leone et al., 1992; Pins & Bonnet, 1996): Measure
the speed of response to varying intensities of stimuli to assess how quickly a person engages
with more intense versus less intense stimuli.

6. Reactive inhibition (/r)

e Fatigue Index Assessment (e.g., Belza et al., 2018; Shele et al., 2014): Track the decrease in
task performance or response rate over time to measure how reactive inhibition (or mental
fatigue) affects persistence.

e Interruption Task Test (e.g., Powers & Scerbo, 2023; Wu, Gao, & Liu, 2023): Assess how well
the individual resumes a task after being interrupted, revealing sensitivity to reactive inhibition
effects on task continuation.

7. Conditioned inhibition (slr)

e Extinction Task (e.g., Huang et al., 2025; Klein et al., 2023): Observe how well an individual
can stop a learned behavior when reinforcement is withheld, indicating the degree of
conditioned inhibition.

¢ Negative Reinforcement Response Test (e.g., Koob, 2021; Morse & Kelleher, 2022): Evaluate
response levels when a previously positive stimulus is removed or paired with a negative
outcome, assessing resistance to response.

7. APPLICATION OF THE HULLIAN EQUATION IN ITP/IEP CONTEXT

In an Individualized Treatment Plan (ITP) or Individualized Education Program (IEP), each Hullian
component can target a specific aspect of learning and behavior modification. The tests can provide
baseline measures and ongoing assessments for setting objectives (e.g., strengthening habit formation,
adjusting incentives, managing reactive inhibition). This systematic approach can allow educational
therapists (ETs) to align interventions with specific Hullian factors, improving the effectiveness of
tailored strategies in response to the student’s unique learning needs.

7.1 What is Matrix Theory in Linear Algebra?
Matrix Theory is a fundamental area in linear algebra (Franklin, 2012; Lyryx Learning & Kuttler, 2024;

Zhang, 2011), dealing with matrices (symbolized by uppercase letters): rectangular arrays of numbers,
symbols, or expressions (known as entries or elements, symbolized by lowercase letters, with two
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subscript indices) arranged in i-th rows and j-th columns. The m x n (or m-by-n) matrices are powerful
tools for organizing and analyzing data, as they allow for the representation of complex systems,
transformations, and relationships in a structured way. Operations on matrices (e.g., addition,
multiplication, and finding determinants and inverses) enable the solution of linear equations (Lang,
2002), which are essential in various applications across mathematics, physics, computer science, and
engineering.

A matrix over a field (F) is simply a matrix where all the entries come from a particular field (F) (Fraleigh,
1976; Nering, 1970). A field is a set equipped with two operations (addition and multiplication) that
satisfy certain properties, such as having additive and multiplicative identities (0 and 1, respectively),
and every non-zero element has a multiplicative inverse. Common examples of fields are provided here:
(i) The field of real numbers {R}; (ii) The field of complex numbers {C}; (iii) The field of rational numbers
{Q}; (iv) Finite fields like {Z}/p or {Z}, where /p/is a prime number (integers modulo p).

In other words, when a matrix is said to be over a field (F), it means each entry in the matrix is an
element of /F/, and matrix operations (e.g., addition and multiplication; see Lang, 2002, for detail) are
performed according to the rules of /F/. For example, a matrix with real entries would be a matrix over
{R}, and a matrix with entries modulo 7 would be a matrix over {Z}/7 or {Z}.

7.2 Application of Matrix Theory in Educational Therapy

In educational therapy, the Matrix Theory (Franklin, 2012; Zhang, 2011) can be a framework for
diagnostic assessment and follow-up intervention. Briefly described, in terms of a diagnostic
assessment conducted during the educational therapy, matrices can represent data from various
assessment tools, allowing therapists to systematically record a student’s responses or performance
across multiple skills or tasks. For instance, each row (ai; also known as row vector) in the matrix might
represent a different session or assessment instance, while each column (aj; also known as column
vector) in the matrix could represent specific skills or areas being measured, like attention span,
cognitive processing, or motor skills. This organization aids in identifying patterns and areas that need
intervention. As for the follow-up intervention, after the initial assessment, matrix-based tracking can
help educational therapists monitor a student’s progress across different skills over time. By analyzing
changes in m x n matrix data, educational therapists can determine the effectiveness of interventions,
adjust strategies, and target specific areas for improvement. For example, they might use m x n matrix
operations to evaluate growth in certain skills or compare results across different intervention phases.

Below are seven examples of how the Matrix Theory in linear algebra (Lyryx Learning & Kuttler, 2024)
can be adapted and applied to both diagnostic assessment and intervention strategies in educational
therapy for children with autism and dyslexia. Each of these applications uses Matrix Theory (see
Franklin, 2012; Zhang, 2011) to structure, analyze, and interpret data to tailor educational interventions,
helping to meet the individual needs of children with autism or dyslexia in a more structured, quantitative
way.

Examples:
1. Behavioral data analysis and pattern recognition
¢ Application: Observing patterns in behavioral data (such as eye contact, task engagement, or
response time) is essential in understanding a child's progress and needs. By organizing this
data in matrices, educational therapists can identify recurring patterns.
e Case Use:
(a) For a child with autism, matrices can reveal social behaviors over multiple sessions.
(b) For a child with dyslexia, they can help track reading speed and accuracy across various
tasks.
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2. Multi-sensory integration assessment
¢ Application: Children with autism or dyslexia often struggle with sensory integration. By using
matrices to categorize and quantify responses to sensory inputs, educational therapists can
assess and modify multi-sensory integration interventions.
e Case Use: Matrices can track a child’s sensory responses (visual, auditory, tactile) and help in
adjusting intervention strategies based on responses to each type of sensory input.

3. Tracking Progress in Skill Acquisition
e Application: Skill acquisition (e.g., learning phonics or social cues) can be tracked using
matrices where rows represent sessions and columns represent specific skills. This matrix can
highlight areas where progress is slower or faster than expected.
e Case Use:
(a) For dyslexia, matrices help evaluate progress in phonological awareness.
(b) For autism, they track social skills, like appropriate responses in social situations.

4. Error pattern analysis
e Application: Error matrices are valuable in analyzing types and frequencies of errors in a child’s
responses, such as misreading words or missing social cues. By quantifying errors, educational
therapists can target specific areas.
e Case Use:
(a) In dyslexia, matrices can show consistent reading errors (e.g., misinterpreting certain
phonemes).
(b) For autism, matrices could help track nonverbal cues that the child fails to pick up in social
contexts.

5. Visual processing and spatial mapping
¢ Application: Matrix transformations help evaluate a child's spatial processing skills by analyzing
tasks that involve visual and spatial elements, such as block designs or pattern completions.
e Case Use:
(a) For autism, matrices can be used to analyze performance in visual-spatial tasks to support
visual processing.
(b) For dyslexia, matrices assist in identifying issues with spatial orientation of letters.

6. Modeling intervention impact across time and domains

e Application: Educational therapists can use matrices to model intervention outcomes across
different sessions, input types (like verbal, visual, or kinesthetic), and performance metrics,
creating a time-series of results to gauge intervention impact.

e (Case Use:
(a) For dyslexia, matrices might show improvement in reading comprehension over time.
(b) In autism therapy, matrices can model social responsiveness across contexts (classroom

vs. therapy room).

7. Cognitive load analysis for task sequencing
e Application: By organizing tasks in a matrix according to difficulty and cognitive demands,
educational therapists can create optimal task sequences for minimizing cognitive overload.
e Case Use:
(a) In dyslexia therapy, matrices can help determine the best sequence of tasks based on
phoneme difficulty.
(b) For autism, matrices assist in sequencing social interactions from simpler to more complex,
based on the child's comfort and skill levels.
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Overall, the Matrix Theory (Franklin, 2012; Zhang, 2011) provides a structured approach for both
assessment and intervention in educational therapy, enabling data-driven decisions that can better
support individual learning needs of students with special needs.

8. UNDERSTANDING AND MANAGING MOTIVATION IN STUDENTS WITH SPECIAL
NEEDS

In many cases encountered by the educational therapists, one key issue of concern is related to the
motivation of students with special needs (see Martin, 2021; Montgomery, Montgomery, & Montgomery,
2023). Ouherrou, Benmarrakchi, Elhammoun, and El Kafi (2018) in their study reported that “[S]uccess
or failure of children with Special Educational Needs (SEN) depends on their motivational sate.
Motivation can affect children performance of learning skills, strategies and behaviors. Children with
SEN suffer from emotional problems related to their learning difficulties such as depression and anxiety”
(para. 1). It is always this group of lowly motivated and unmotivated students being referred to school
counselors for support and guidance (Kahveci, 2016; Tarver-Behring & Spgna, 2004; Tarver-Behring,
Spagna, & Sullivan, 1998).

Hull's Drive Reduction Theory posits that motivation arises from physiological needs that create a state
of tension or ‘drive.” Behavior is directed towards actions that reduce these drives, thereby restoring
homeostasis (Hull, 1952). In educational therapy, this theory of drive reduction can be applied to
understand and manage behaviors that stem from unmet needs or motivations.

To model this with matrices in a simplified linear form, a matrix representing the various ‘drives’ (D),
‘responses’ ®, and ‘habits’ (H) can be easily created. For educational therapists, these elements can
be mapped to behavioral interventions to help their students (clients) with learning or behavioral issues
by reducing disruptive drives. The author of this paper has suggested the following steps to be taken:

Step 1: Define the Drives, Responses, and Reinforcement

1.1. Drives (D). These represent underlying needs or triggers for behavior, such as attention-seeking,
sensory stimulation, or escape from a demand.

1.2. Responses (R): Possible actions the client might take in response to drives (e.g., task completion,
disruptive behavior).

1.3. Reinforcement (H): This factor shows the likelihood of a response being chosen in the future, based
on the reduction of the drive it provides.

Step 2: Matrix Representation of the Hullian Equation

Hull's equation can be simplified to focus on how drives influence response probability. A simplified
version of the Hullian equation can be represented as follows:

B=D-R-H
where:
e Brepresents the strength of a behavior.
e D is a matrix of drives with weights representing the intensity of each drive.

e Ris a matrix of possible responses with weights indicating their likelihood given the drives.
e Hrepresents reinforcement, showing the habit strength of each response to reduce the drives.
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Below is a sample matrix setup for educational therapy. Assume there are three main drives (e.g.,
attention-seeking, sensory-seeking, escape from demand) and three responses (e.g., engaging in a
task, disruptive behavior, seeking assistance).

1. Drive Matrix (D):

2. Response Matrix (R):

04 0.3 0.5

1 05 0.2
H=1 04 1 0.6
0.3 04 1

How the above three matrices work is explained as follows in this example of the model:

0.5 0.2 0.3
R 0.3 0.7 0.4

3. Reinforcement Matrix (H):

1. Multiply (x) /D/, /R/, and /H/ matrices: The product of these matrices will yield a matrix /B/ that
indicates the strength of each behavior based on the current drives, possible responses, and
reinforcement strength (as shown in Table 2 below).

Table 2. Multiplication of D x R x H Matrices = B Matrix

Drive Response Reinforcement Behavior Strength
0.8 0 0 05 02 03 1 0.5 0.2 0.4 0 0
D=10 0.6 0 R=1{ 03 0.7 04 H=104 1 0.6 B=(0 0.42 0
0 0 0.9 0.4 0.3 05 0.3 0.4 1 0 0 045

2. Interpret results for behavior management: The resulting values in /B/ can show the educational
therapist which responses are likely to reduce specific drives. For instance, if sensory-seeking
behaviors have high drive (value in /D/ and specific interventions (like providing sensory activities)
have high reinforcement (value in /H/), this approach should reduce disruptive sensory-seeking
behavior.

3. Application in educational therapy: By analyzing the /B/ matrix, an educational therapist can identify
which drives (e.g., escape or attention-seeking) are motivating behaviors. Interventions can be
designed to either provide alternative responses (redirect the drive) or reduce the drive through
reinforcement (like rewards for task completion).

The /B/ (Behavior Strength) matrix represents the outcome of multiplying the three matrices: /D/ (Drive),
IR/ (Response), and /H/ (Reinforcement). The resulting /B/ matrix shows how these three factors
interact to influence behavior, with each element reflecting the strength of behavior resulting from the
combination of these factors.

Structure of /B/ matrix:
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This matrix is a diagonal matrix, where:

The diagonal entries are 0.4, 0.42 and 0.45.
All off-diagonal entries are 0, indicating no interaction between different components in those cases.

From the diagonal matrix as seen above, its results can be interpreted as follows:

1.

Diagonal entries: The diagonal elements [0.4, 0.42, 0.45] represent the strength of behavior (B) for
each specific combination of drive (D), response (R), and reinforcement (H). Specifically, these
values correspond to how these factors come together in the different components or dimensions
of the behavior system. Each of these values represents a behavior strength score, reflecting
different conditions or types of behavior based on:

e The diagonal entries are 0.4, 0.42 and 0.45.

e Drive (D): The motivation or need that drives the behavior.

e Response (R): The actual behavior or reaction produced in response to the drive.

¢ Reinforcement (H): The consequences or outcomes that either strengthen or weaken the
behavior.

The behavior strength (B) values increase from 0.4 to 0.42 to 0.45, suggesting that, in the particular
context an educational therapist is examining, behavior strength (B) tends to increase slightly as
they move from one combination of these factors to another.

Off-diagonal zeros: The fact that all the off-diagonal elements are zero means that there is no
interaction or cross-influence between the different components. Specifically:

e The Drive (D) and Response (R) combinations do not interact with each other in terms of their
effect on
behavior strength.

o Similarly, /D/and /R/, as well as /R/ and /H/, do not directly influence each other in this model.
This suggests the simplified model of behavior where the effects of drive (D), response (R), and
reinforcement (H) on behavior strength (B) are considered independently from one another.

General interpretation of the results of /B/ matrix is as follows:

e Thevalues [0.4, 0.42, 0.45] might indicate that for each factor (Drive, Response, Reinforcement),
the strength of behavior (B) is positively influenced, but in a moderate manner. These values
represent mild to moderate behavior strength outcomes, where reinforcement (H) might have a
slightly greater impact than drive (D) or response (R), given that the third entry (0.45) is the
largest.

¢ Since all off-diagonal entries are zero, this model could be used to represent a linear, additive
approach to understanding behavior, where the factors do not interact or compound one another.

9. CONCLUSION

In conclusion, the /B/ matrix tells the educational therapists that the behavior strength (B), as a result

of the interplay of drive (D), response (R), and reinforcement (H), is moderately influenced by each
factor independently. The diagonal values represent the strength of behavior in different conditions,
with reinforcement (H) appearing to have the strongest influence (0.45). However, there is no interaction
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between the components (Drive, Response, Reinforcement), suggesting a simplified model of behavior
where these factors do not combine or influence each other directly.

By applying this structured approach involving the Hullian equation of DRT and the Matrix Theory,
educational therapists can systematically reduce behaviors driven by unmet needs, helping their
students (clients) develop more adaptive responses and promoting a better learning environment.

10. ACKNOWLEDGEMENT

None.

11. COMPETING INTERESTS

The author has declared that no competing interests exist.

12. FINANCIAL DISCLOSURE
There is no funding obtained.

13. ARTIFICIAL INTELLIGENCE DISCLOSURE

No generative Al or Al-assisted technologies were used in the preparation of this manuscript.

REFERENCES

Belza, B., Miyawaki, C. E., Liu, M., Aree-Ue, S., Fessel, M., Minott, K. R., & Zhang, X. (2018). A
systematic review of studies using the multidimensional assessment of fatigue scale. Journal of
Nursing Measurement, 26(1), 36-74. https://doi.org/10.1891/1061-3749.26.1.36

Brown, T., Almiento, L., Yu, M. L., & Bhopti, A. (2023). The Sensory Processing Measure (2" ed.): A
critical review and appraisal. Occupational Therapy In Health Care, 38(3), 842-875.
https://doi.org/10.1080/07380577.2023.2280216

Camos, V., & Portrat, S. (2015). The impact of cognitive load on delayed recall. Psychonomic Bulletin
and Review, 22, 1029-1034. https://doi.org/10.3758/s13423-014-0772-5

Cherry, K. (2023, August 23). Drive reduction theory and human behavior. Verywell Mind. Retrieved
from: https://www.verywellmind.com/drive-reduction-theory-2795381

Chia, K. H. (2025). A proposed Hullian equation for math problem solving process. The Asian
Educational Therapist, 3(2), 35-40.

Ekman, N., Taft, C., Moons, P., Makitalo, A., Bostrém, E., & Fors, A. (2020). A state-of-the-art review
of direct observation tools for assessing competency in person-centred care. International Journal
of Nursing Studies, 109. Article ID: 103634. https://doi.org/10.1016/j.ijnurstu.2020.103634

Fraleigh, J. B. (1976). A first course in abstract algebra (2nd ed.). Reading, UK: Addison-Wesley.

Franklin, J. N. (2012). Matrix theory. Gloucester, MA: Courier Corporation Publishing.

How-to-ABA (2023, July 6). What are preference assessments in ABA? Retrieved from:
https://howtoaba.com/preference-assessments/

Huang, F. L., Zou, G. J., Wang, L. F., He, X,, Zhang, B. C., & Yang, Z. H. (2025). Open-field exploration
immediately before the retention test impairs retrieval and spaced fear extinction of contextual fear
memory. Behavioural Brain Research, 476. Article ID: 115260.
https://doi.org/10.1016/j.bbr.2024.115260

Hull, C. L. (1943). Principles of behavior. New York, NY: Appleton-Century-Crofts.

Hull, C. L. (1952). A behavior system. New Haven, CT: Yale University Press.

Hull, C. L., Hovland, C. I., Ross, R. T., Hall, M., Perkins, D. T., & Fitch, F. B. (1940). The mathematico-
deductive theory of rote learning. New Haven, CT: Yale University Press.

The Asian Educational Therapist 35


https://doi.org/10.1891/1061-3749.26.1.36
https://doi.org/10.1080/07380577.2023.2280216
https://doi.org/10.3758/s13423-014-0772-5
https://www.verywellmind.com/drive-reduction-theory-2795381
https://doi.org/10.1016/j.ijnurstu.2020.103634
https://howtoaba.com/preference-assessments/
https://doi.org/10.1016/j.bbr.2024.115260
https://archive.org/search.php?query=creator:

Ivy, J. W., Meindl, J. N., Overley, E., & Robson, K. M. (2017). Token economy: A systematic review of
procedural descriptions. Behavior Modification, 41(5), 708-737.
https://doi.org/10.1177/0145445517699559

Kahveci, G. (2016). School counseling and students with disabilities. International Online Journal of
Primary Education, 5(2), 15-21.

Klein, Z., Shner-Livne, G., Danon-Kraun, S., Ginat-Frolich, R., Pine, D. S., & Shechner, T. (2023).
Enhanced late positive potential to conditioned threat cue during delayed extinction in anxious
youth. Journal of Child Psychology and Psychiatry, 65(2), 215-228.
https://doi.org/10.1111/jcpp.13814

Koob, G. F. (2021). Drug addiction: Hyperkatifeia/negative reinforcement as a framework for
medications development. Pharmacological Reviews, 73(1), 163-201.
https://doi.org/10.1016/.biopsych.2019.05.023

Lang, S. (2002). Graduate texts in mathematics: Algebra (Vol. 211; Revised 3rd ed.), New York, NY:
Springer-Verlag.

Lyryx Learning & Kuttler, K. (2024). Matrix theory and linear algebra [An open text by Peter Selinger].
Calgary, Canada: The Authors.

Martin, C. (2021). Motivation in special education: Doing it differently or doing it better? Support for
Learning, 36(3), 450-469. https://doi.org/10.1111/1467-9604.12372

Merriam-Webster. (2024, October 31). Factor/Factorable. In Merriam-Webster.com dictionary.
Retrieved online: https://www.merriam-webster.com/dictionary/factor/factorable

Miguez, G., Laborda, M. A., & Quezada-Scholz, V. E. (2022). Clark L. Hull. InJ. Vonk, & T. K.
Shackelford (Eds.), Encyclopedia of animal cognition and behavior (pp. 1427-1429). Cham,
Switzerland: Springer International Publishing. https://doi.org/10.1007/978-3-319-55065-7 1231

Montgomery, D. P., Montgomery, M., & Montgomery, M. (2023). Theories of motivation to support the
needs of all learners. LEARNiIng Landscapes, 16(1), 213-228. Article ID: EJ1397104.

Morse, W. H., & Kelleher, R. T. (2022). Determinants of reinforcement and punishment. In W. K. Honig
& J. E. R. Staddon (Eds.), Handbook of operant behavior (pp. 174-200). New York, NY: Routledge.
https://doi.org/10.4324/9781003256670

Nering, E. D. (1970). Linear algebra and matrix theory (2nd ed.), New York, NY: John Wiley & Sons.

Oeri, N. (2022). Behavioral Dynamics in a Persistence Task: An Experimental Test of Persistence and
Cheating during the Puzzle Box Task. Journal of Cognition and Development, 23(4), 455-463.
https://doi.org/10.1080/15248372.2022.2069109

Orth, M., Aufenanger, J., Hoffmann, G., Hofmann, W., Klosson, R., Lichtinghagen, R., Otte, K,
Stamminger, G., Stiegler, Y., Wiegel, B., Wieland, E. & Laboratory Medicine Section of the German
Society for Clinical Chemistry and Laboratory Medicine (2015). Recommendations for the
frequency of ordering laboratory testing. LaboratoriumsMedizin, 38(s1). Article ID:
000010151520140045. https://doi.org/10.1515/labmed-2014-0045

Ouherrou, N., Benmarrakchi, F., Elhammoun, O., & El Kafi, J. (2018, May 7-8). The role of motivation
on children with special educational needs (SEN) [Workshop presentation]. 1st TENORS'’s
Workshop, Chouaib Doukkali University El Jadida, Morocco. Retrieved from:

Parham, L. D., Ecker, C. L., Kuhaneck, H., Henry, D. A., & Glennon, T. J. (2021). Sensory Processing
Measure, Second Edition (SPMTM-2) [Manual]. Western Psychological Services.

Pascual-Leone, A., Brasil-Neto, J. P., Valls-Solé, J., Cohen, L. G., & Hallett, M. (1992). Simple reaction
time to focal transcranial magnetic stimulation. Comparison with reaction time to acoustic, visual
and somatosensory stimuli. Brain, 115(Part 1), 109-122. https://doi.org/10.1093/brain/115.1.109

Pins, D., & Bonnet, C. (1996). On the relation between stimulus intensity and processing time: Piéron’s
law and choice reaction time. Perception &  Psychophysics, 58(3),  390—400.
https://doi.org/10.3758/bf03206815

Powers, S. A., & Scerbo, M. W. (2023). Examining the effect of interruptions at different breakpoints
and frequencies within a task. Human Factors, 65(1), 22-36.
https://doi.org/10.1177/00187208211009010

The Asian Educational Therapist 36


https://doi.org/10.1177/0145445517699559
https://doi.org/10.1111/jcpp.13814
https://doi.org/10.1016/j.biopsych.2019.05.023
https://doi.org/10.1111/1467-9604.12372
https://www.merriam-webster.com/dictionary/factor/factorable
https://doi.org/10.1007/978-3-319-55065-7_1231
https://www.taylorfrancis.com/search?contributorName=J.%20E.%20R.%20Staddon&contributorRole=editor&redirectFromPDP=true&context=ubx
https://doi.org/10.4324/9781003256670
https://doi.org/10.1080/15248372.2022.2069109
https://doi.org/10.1515/labmed-2014-0045
https://doi.org/10.1093/brain/115.1.109
https://doi.org/10.3758/bf03206815
https://doi.org/10.1177/00187208211009010

Ray-Subramanian, C. (2013). Motivation Assessment Scale. In F. R. Volkmar (Ed.), Encyclopedia of
autism spectrum disorders (pp. 1918-1920). New York, NY: Springer. https://doi.org/10.1007/978-
1-4419-1698-3 1680

Sandberg, M.A. (2011). Memory assessment scales. In J. S. Kreutzer, J. DeLuca, & B. Caplan (Eds.)
Encyclopedia of clinical neuropsychology (pp. 1560-1561). Springer, New York, NY: Springer.
https://doi.org/10.1007/978-0-387-79948-3 197

Sehle, A., Vieten, M., Sailer, S., Mindermann, A., & Dettmers, C. (2014). Objective assessment of
motor fatigue in multiple sclerosis: the Fatigue index Kliniken Schmieder (FKS). Journal of
Neurology, 261, 1752-1762. https://doi.org/10.1007/s00415-014-7415-7

Tarver-Behring, S., & Spagna, M. E. (2004). Counseling with exceptional children. Focus on
Exceptional Children, 36(8), 1-12.

Tarver-Behring, S., Spagna, M. E., & Sullivan, J. (1998). School counselors and full inclusion for
children with special needs. Professional School Counseling, 1(3), 51-56.

Wang, T. Q, & Gao, A. X. (2025). The Hullian equation for memory process. The Asian Educational
Therapist, 3(2), 30-33.

Williams, J. M. (1990). Memory assessment scales: Professional manual. Available online:
https://www.researchgate.net/publication/248703180 Memory Assessment Scales

Wu, M., Gao, Q., & Liu, Y. (2023). Exploring the effects of interruptions in different phases of complex
decision-making tasks. Human Factors, 65(3), 450-481.
https://doi.org/10.1177/00187208211018882

Zhang, F. (2011). Matrix theory: Basic results and techniques. Heidelberg, Germany: Springer Science
& Business Media.

The Asian Educational Therapist 37


https://doi.org/10.1007/978-1-4419-1698-3_1680
https://doi.org/10.1007/978-1-4419-1698-3_1680
https://doi.org/10.1007/978-0-387-79948-3_197
https://doi.org/10.1007/s00415-014-7415-7
https://www.researchgate.net/publication/248703180_Memory_Assessment_Scales
https://doi.org/10.1177/00187208211018882

